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Abstract

The paper treats jitter estimation for alignment of a set of signals which contains several unknown classes of waveforms. The
motivating application is epileptic EEG spikes, where alignment prior to clustering and averaging is desired. The assumption
that the signal waveforms are unknown precludes the use of classical techniques, notably matched 2ltering. Instead we treat
two other classes of methods. In the 2rst class the jitter of each signal is estimated with aid of the whole data set, using
the Rayleigh quotient of the sample correlation matrix. The main idea of the paper is the suggestion of two such methods,
consisting respectively of mean value computation and maximization of the Rayleigh quotient as a function of translation
of a given signal. In the second class of methods each signal is processed individually, and one such method is estimation
of the jitter of a signal by its centre of gravity. By means of deduction, simulations and evaluation on real life epileptic
EEG signals, we show that the 2rst class of methods is preferable to the second. Simulations also show that the method
of maximization of the Rayleigh quotient seems to be a generally good method, which gives small estimation error and is
applicable in a wide range of circumstances. For seven investigated sets of real life EEG data, the maximization algorithm
turned out to give the best results, and improved alignment in the majority of signal clusters.
? 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

There is in medical signal processing a problem
of clustering a given set of multichannel EEG tran-
sients from epileptics, so-called spikes [24,9]. The
spikes are important for diagnostics since they often
originate from the epileptic foci. The result of the
clustering can be used primarily to see whether there
are distinct groups of spikes and to study their pro-
perties, and secondarily to compute SNR-improving
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averages within clusters prior to source localization,
e.g. by dipole analysis [20]. The selection of spikes to
be clustered can be made automatically [2], or man-
ually by a neurophysiologist. In either case, the sig-
nals of each cluster are not perfectly aligned in the
time dimension. Such variability in synchronization is
called time jitter, and its presence makes the cluster-
ing problem more diDcult and leads to less distinct or
unseparable clusters, since separation between clus-
ters is sometimes subtle also in the absence of jitter.
Beside the epileptic spike clustering application, the
problem exists also for evoked potentials [26], where
data sets sometimes consist of several classes.

Problems connected to time jitter and delay estima-
tion have been treated in communication and detection
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theory [3,6]. Also in the biomedical signal processing
literature, the problem of time jitter has been treated
in many respects. In the 2eld of evoked potentials,
there is an interest in synchronizing, i.e. compensa-
tion for jitter, before averaging [25,14,5,16], and the
jitter values can also be of interest as medical informa-
tion in itself, and their behaviour as a function of time
[12]. In ECG signal processing, researchers are in-
terested in alignment [1,8,11,10,13], and signal mod-
els are used which incorporate jitter in a wider class
of signal transformations [22]. A problem related to
alignment is characterization of the jitter in the sense
of estimating its statistical parameters [15].

Most reported techniques for jitter compensation
use the assumption that the signals to be aligned be-
long to one unknown class, or in telecommunication
problems to one of several classes whose waveforms
are known. In these situations matched 2ltering tech-
niques can be used, with the ensemble average as tem-
plate signal in the one-class case. In the clustering ap-
plication however, the assumptions are weaker which
makes the problem more diDcult. The technique of
matched 2ltering of each signal with the sample av-
erage as template [25] may lead to poor estimates in
the case of several signal classes (the average may
be zero). Once a good clustering exists, the one-class
techniques can be employed to each class, but the ac-
tual determination of the classes, i.e. the clustering,
is made more diDcult if the signals are not aligned.
Clearly then, there is a need for methods for jitter
compensation prior to clustering multi-class data.

Another way of attacking the problem is to do pair-
wise alignment of all signal pairs. This gives a rep-
resentation of all metrics between signals and calls
for graph-theoretical clustering methods [7]. These
have augmented computational complexity compared
to k-means clustering algorithms [4] which work on
linearly represented data. We assume in this paper the
use of linearly represented data, i.e. we do not treat
pairwise alignment and graph-theoretical clustering.

In this paper we work according to the principle of
alignment prior to clustering. A method employing
the opposite order of these operations, i.e. clustering
prior to alignment within each cluster, has been re-
ported [11]. This method uses a metric which is
invariant to translations, and a modi2cation of the
ordinary k-means clustering algorithm. We show
in this paper that this translation-invariant metric

requires a high SNR to work satisfactorily for clus-
tering, i.e. to represent cluster diHerences suDciently
well to enable correct clustering. We are aware of
no other translation-invariant metric which lacks this
Iaw. For small SNR, which generally is the case of
the epileptic EEG spikes, the principle of alignment
prior to clustering is therefore motivated.

The essential content of the present paper is the
proposal of two methods for jitter estimation. We
suggest using the Rayleigh quotient of the data corre-
lation matrix in order to obtain a function which can
be used to construct estimators, whereby the desired
property of incorporation of the data sample statis-
tics is solved. The function consists of evaluation of
the Rayleigh quotient as a function of translation of a
given signal. The Rayleigh quotient of the correlation
matrix can be expressed in terms of the eigenvectors,
and alignment computation using the 2rst eigenvector
has been treated in [1] for ECG processing. However,
this method is not adapted to the case of several signal
classes.

We give a review of classical estimation theory in
this context, where we focus on the minimum mean
square error estimator (MMSE), and the maximization
of the a posteriori probability estimator (MAP), which
both can be regarded as Bayes estimators [19,23],
and also the maximum likelihood estimator (ML).
However, the probability density functions required
for computation of these estimators are inherently not
available in our problem formulation, even though
there is a connection between ML and one of our sug-
gested estimators under certain circumstances. We use
MMSE for comparison with realistic estimators in the
simulations.

A straightforward method for estimation of jitter is
to compute the centre of gravity in the time dimension
of each signal. A bias is introduced if the non-jittered
signal has centre of gravity which not equals zero,
but this bias is of small concern since it is a constant
which do not aHect the average within clusters. What
is worse is that the method also gives bias that varies
as a function of the jitter, which deteriorates averages.
Moreover, it does not use the statistics of the given
data set, instead all signals are treated individually.

We will start by treating the case of scalar-valued
functions (i.e. vectors when the time axis is discrete)
and later we will generalize to vector-valued func-
tions (matrices), which is necessary for the epileptic
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spike application, where data is measured at several
channels.

The paper is organized as follows. Section 2 treats
problem formulation and notations, Section 3 presents
two new methods which are based on the Rayleigh
quotient of the sample correlation matrix, and Section
4 describes the centre of gravity method. In Section 5
the theory and notations are extended to vector-valued
functions, numerical experiments are reported in Sec-
tion 6, and Section 7 gives results for real life EEG
data.

2. Problem formulation

We use t to denote continuous time, n to denote dis-
crete time, and by x(t) we denote a signal x at time t.
In the clustering problem a set {xk(t)}Kk=1 of K signals
xk(t)∈L2(R) is given. We assume that each signal
is a sum of a deterministic, unknown pattern signal
mj(t)∈L2 from one of L clusters (or classes) denoted
!1; : : : ; !L, and Gaussian noise ek(t)∈L2. The pat-
terns mj are assumed to have derivatives of all orders
of quickly decreasing L2 norm, and the norms of the
pattern functions are roughly equal ‖mj‖ ≈ ‖mi‖, and
well separated. Using ‖mj‖ ≈ ‖mi‖, the separation be-
tween patterns can be formulated |〈mi; mj〉|�‖mi‖2,
i 	= j, where 〈·; ·〉 denotes the L2 Hilbert space inner
product 〈mi; mj〉=

∫
mi(t)mj(t) dt. Further we assume

that the pattern signal of xk is delayed �k time units,
where �k is a sample of a Gaussian stochastic vari-
able of zero mean and variance �2

� . Statistical inde-
pendence between the noise e and � is assumed. The
model is hence

xk(t) = mj(t − �k) + ek(t); k = 1; : : : ; K; (1)

where for each k, the a priori class probabilities pj are
assumed equal pj = 1=L, 16 j6L. Sometimes we
drop the index k of xk(t) for convenience. The delayed
signal m(t− �) is also denoted m�(t). It can be shown
that the eHect of the time jitter is E{mj;�(t)}=mj∗f�(t)
[18], i.e. the mean value is the convolution between
mj and the jitter probability density f�, whereby it is
clear that the jitter distorts the means of the pattern
signals.

The problem we want to solve is to 2nd an estimator
�̂(x) which gives small variance

E{(�̂(x) − E�̂(x))2}: (2)

The estimates are intended to be used for alignment.
For this purpose each raw signal is inversely translated
an amount which equals its estimated jitter, i.e. the
aligned signal is de2ned by

x̃(t)def=x(t + �̂(x)): (3)

For implementation of the estimators we discretize the
time axis to N (=odd) points symmetrically around
the origin, which transforms the function x(t) into an
(N × 1)-vector denoted x and de2ned by

x =
[
x
(
−N − 1

2
Ts

)
· · · x(0) · · · x

(
N − 1

2
Ts

)]T

:

(4)

Here Ts denotes the sampling time interval, which
always is understood but from here on omitted
in the notation, i.e. we denote x = [x(−(N − 1)=2)
· · · x(0) · · · x(N − 1)=2)]T. Likewise mj denotes the
discretized mj(t). We assume the support of mj;� for
possible jitter values � is contained in the interval
[ − (N − 1)=2; (N − 1)=2]. The norm ‖ · ‖ sometimes
denotes the L2 norm, and sometimes the Euclidean
norm in RN , depending on context. For sums over
n denoted

∑
n (·), the limits

∑(N−1)=2
n=−(N−1)=2 (·) are

understood.
There exists a way of attacking the multi-class

jitter problem the opposite way of our method. In-
stead of alignment before clustering, clustering can
be performed before alignment (which is then com-
puted within each cluster) [11]. The metric used
in the clustering method (e.g. the k-means method
[4]) is then modi2ed from the ordinary Euclidean
metric to a translation-invariant metric, and cluster
representatives are not obtained by averaging within
clusters but by choosing the cluster vector that mini-
mizes the sum of metrics to all other cluster vectors.
The translation-invariant metric uses the normalized
integral method [8,11,10,13], where the normalized
integral of signal xk(t) can be de2ned as

Xk(t)
def=

∫ t
−∞ x2

k (�) d�∫ +∞
−∞ x2

k (�) d�
: (5)

The metric between signals xk(t) and x‘(t) is com-
puted using the function t′ = �(t), de2ned by

Xk(t) = X‘(t′): (6)
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If x‘(t) is a translated version of xk(t) the function �
is an aDne function �(t) = at + b, whereby it is clear
that the metric � de2ned by

�2(xk ; x‘)
def=inf

a;b

∫
‖�(t) − at − b‖2 dt; (7)

which computes the deviation from aDnity of the func-
tion �, is invariant to translations (in practice a 2nite
sum replaces the integral). In order to get symmetry,
the modi2cation �∗(xk ; x‘)= 1

2 (�(xk ; x‘)+�(x‘; xk))
can be used [11].

In order to investigate the metric �∗ we performed
a simulation study. We generated K = 300 signals
from L = 3 classes, where each pattern was chosen
as a discretized Hermite function [24] mj =Hj−1, i.e.
m1 =H0 = a Gaussian, m2 =H1 = the 2rst derivative
of a Gaussian, and m3 = H2= the second derivative
of a Gaussian. The signal vectors had length N = 49
samples and the patterns mj were centred within the
interval. The jitter density function f� was chosen
Gaussian, with three variances �2

� = 1, �2
� = 5 and

�2
� = 15 samples2 respectively, and the noise e was

chosen zero mean, white and Gaussian, giving a range
of SNR values using the de2nition

SNRdef=10 log10

(
1
K

K∑
k=1

‖xk − ek‖2

‖ek‖2

)
: (8)

We compared the within-cluster variation and the
separation between cluster representatives, measured
by (i) the Euclidean metric ‖xk − x‘‖ and (ii) the
metric �∗(xk ; x‘), as a function of SNR. Fig. 1(a)
shows the within-cluster variation, the metric �∗

gives smaller values than the Euclidean metric which
is expected since �∗ is invariant to jitter. However, as
seen in Fig. 1(b) also the separation between cluster
representatives is smaller for �∗, which can lead to
problems for a clustering algorithm. For each of the
two metrics classi2cation error rates were obtained
using classi2cation of each signal by minimization
over metrics to cluster representatives, obtained us-
ing the true clustering (we avoided using a clustering
algorithm since error then also depends on the clus-
tering algorithm). The error rates are shown in Fig.
1(c), and it can be seen that the metric �∗ requires
quite a high SNR, in the order of 20–25 dB, to work
satisfactorily, i.e. to reach error rates smaller than 0.1.
For such large SNR values and �2

� ¿ 5, the metric �∗

improves upon the error rates of the Euclidean metric,

as expected. The Euclidean metric is essentially inde-
pendent of the SNR apart from negative values where
the error rates increase. We conclude that the metric
�∗ works well only in the case of high SNR. Other-
wise it mixes clusters such that the error rate upon
nearest-representative classi2cation increases. The
epileptic EEG signals have generally SNR smaller
than 20 dB, so for this application the metric �∗ is
not suitable and the principle of alignment prior to
clustering is motivated.

3. Methods incorporating the sample statistics

In this section we will relate the jitter estimation
problem to general estimation theory, and suggest two
estimators which are based on the Rayleigh quotient
of the correlation function of the given data set. The
vectors x (ignoring the k index) are regarded as sam-
ples of a stochastic variable X , and the posterior den-
sity function for � conditioned on X is de2ned by

f�|X=x(t)
def=

f�;X (t; x)
fX (x)

=
fX |�=t(x) · f�(t)

fX (x)
: (9)

Here f�;X (t; x) denotes the joint density function
for � and X , fX (x) the marginal density for X , and
fX |�=t(x) is the density function for X conditioned
on � = t. The estimator which minimizes the mean
square error (MSE), denoted �̂mmse, belongs to the
class of Bayes estimators, and it can be shown to
be equal to the expectation of the posterior density
function [19,23, p. 54],

�̂mmse(x)def=E{�|X = x} =
∫

t · f�|X=x(t) dt: (10)

In order to use this formula with aid of (9), it is clear
that only the nominator fX |�=t(x) · f�(t) of (9) is of
interest since the denominator fX (x) is a multiplica-
tive constant, which is independent of t and thus the
integration. The constant fX (x) just makes the inte-
gral of the posterior density f�|X=x(t) equal to one. If
the function f�|X=x(t) has a unique maximum around
which it is symmetric, the estimator �̂mmse reduces to
the maximum a posteriori (MAP) estimator [19,23,
p. 54], de2ned by

�̂map(x)def=arg max
t

{f�|X=x(t)}: (11)
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Fig. 1. Within-cluster variation (a), cluster separation (b) and error rates (c) for the two metrics ‖ · ‖ and �∗.

Hence, if the posterior density f�|X=x(t) is Gaussian
the estimates �̂mmse and �̂map coincide. The property
that the posterior density is Gaussian is also a nec-
essary condition for an estimator which obtains the
CramPer–Rao lower bound of variance [23, p. 72].
For the jitter estimation problem, the posterior den-
sity f�|X=x(t) is generally not Gaussian, even if �
and e are Gaussian, so �̂mmse(x) 	= �̂map(x) generally.
The reason is that the delayed pattern signal mj; � is a
non-linear function of �.

We consider the jitter sample � as a stochastic vari-
able, but instead it can be regarded as a 2xed but
unknown parameter of the signal x. A natural esti-
mator is in this case the maximum likelihood (ML)

estimator [23, p. 63], de2ned by

�̂ml(x)def=argmax
t

{fX |�=t(x)}: (12)

It can be considered to be the limiting case of the MAP
estimator when the density f� approaches uniform. If
fX |�=t(x) is a sum of L white Gaussian densities and
the patterns mj are suDciently separated, the ML esti-
mator is equivalent to the least square (LS) estimator
[21]

�̂ls(x) def= arg min
t

{‖x−mt‖2}

= arg min
t

{‖x−t −m‖2}; (13)
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where m denotes the pattern from which x originates,
i.e. we use the model x=m�0+ewith �0 the jitter value.
The last equality is obtained from a change of vari-
able. The requirement of suDcient separation between
the patterns mj is necessary since otherwise
mint; j‖x − mj; t‖2 may occur for mj 	= m. The LS
estimator can be constrained to be linear [6]. By
evaluation of the square the estimator (13) can be
implemented as the matched 1ltering estimator [6]

�̂mf (x) = arg max
t

{xT
−tm}: (14)

The estimators �̂ls and �̂mf are identical provided
‖x−t‖ is constant as a function of t. This holds only
approximately, for small t, using the assumption
that the support of m� is contained in the interval
[−(N−1)=2; (N−1)=2]. However, the approximation
error can be assumed small since only small values
of t are candidates for the maximization (14). Using
the model x = m�0 + e, we have xT

−tm ≈ mT
�0−tm

if ‖e‖ is small compared to ‖m‖. Thus the function
whose maximum de2nes the estimator (14) is ap-
proximately the autocorrelation of m, with translated
argument (�0 − ·). Using this approximation gives
arg maxt{mT

�0−tm} = �0, i.e. a correct estimate.
The exact implementation of the estimators (10) and

(11) is unrealistic in the framework of our problem
de2nition, since the factors of the posterior density
f�|X=x(t), i.e. f�(t) and fX |�=t(x) as a function of
t for given x, are unknown. They are not available
unless one has knowledge of both the jitter density
f� and the functions mj, the determination of which
belongs to the domain of the clustering problem. In
fact, using the model (1) the factor fX |�=t(x) is

fX |�=t(x) =
L∑

j=1

pjfe(x−mj; t); (15)

where fe is the density for the noise e. It is seen that
fX |�=t(x) depends on the unknown vectors {mj}Lj=1.
Considering the linear least square estimator [6] also
leads to diDculties. Namely, the cross-correlation
vector E{�X } is then needed, and it can be
shown to approximately equal −�2

�(1=L)
∑L

j=1 m′
j

where m′
j denotes the discretized derivative of mj.

The cross-correlation vector can be estimated by
−�2

�(1=K)
∑K

k=1 x′
k , but this quantity may be zero,

leading to an estimator identical to zero, and further
�� is not available.

Instead of the above estimators we shall formulate a
criterion depending on the translation of a given signal,
which is computed with aid of the sample correlation
matrix of the data set. For the rest of this section we
use the model

x = m�0 + e; (16)

where m=mj for some j, i.e. x belongs to class !j, is
delayed �0 time units and corrupted by noise e. Given
the signal vector x we wish to de2ne a criterion of the
matching of the translated signal xt = [x(−(N − 1)=
2 − t) · · · x((N − 1)=2 − t)]T to the signal space con-
taining signals of the same pattern as x and whose jit-
ter values are statistically most signi2cant. From such
a criterion as a function of t, estimators of the actual
jitter of x can be constructed. A tentative criterion is
the squared projection distance

h1(x; t; r) = ‖xt −QrQT
r xt‖2; (17)

where r6N , Qr =[q1 · · · qr], and qi are eigenvectors
of the sample correlation matrix

R =
1
K

K∑
k=1

xkxT
k ; (18)

corresponding to the eigenvalues "i. These are
non-negative since R is non-negative de2nite, and
decreasingly ordered, "1¿ "2¿ · · ·¿ "N ¿ 0. The
criterion (17) measures the squared error of the pro-
jection of xt on the space spanned by the 2rst r
eigenvectors of R, whereby small values of (17) will
be reached when t is such that xt is close to the
statistically most signi2cant signal space. However,
the criterion (17) requires a choice of r, which is
non-trivial. In order to modify (17) for elimination of
this decision we reformulate (17) according to

h1(x; t; r) = ‖(I −QrQT
r )xt‖2 = ‖QDQTxt‖2; (19)

where Q = [q1 · · · qN ], and D = diag([0 · · · 0 1
· · · 1]) whose 2rst r diagonal elements are zero.
The essence of the criterion function h1 lies in
the monotonically increasing diagonal of D, and
it can as such be replaced by, using the notation
$ = diag(["1 · · · "N ]),

("1I − $)1=2

= diag([0 ("1 − "2)1=2 · · · ("1 − "N )1=2]); (20)

which is a matrix that needs no decision of r, in
contrast to D. The corresponding criterion to be
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minimized is

h2(x; t) = ‖Q("1I − $)1=2QTxt‖2

= "1‖xt‖2 − xT
t Rxt : (21)

The assumption of the support of m�0 being contained
in the interval [ − (N − 1)=2; (N − 1)=2] gives that
‖xt‖ is approximately constant as a function of t for
values of t such that |t+�0|6 |�0|. For other values of
t this is not assured since mt+�0 may be translated out
of [−(N−1)=2; (N−1)=2]. However, for the t values
where h2 is likely to have its minimum, i.e. around
t = −�0, ‖xt‖2 is approximately constant. Because of
this, minimization of (21) can be replaced by maxi-
mization of

g(x; t)def=xT
t Rxt : (22)

In words, the function (22) is computed by 2rst trans-
lating x to the right t time units and then evaluating
the Rayleigh quotient de2ned by R. More exactly, the
Rayleigh quotient is de2ned by

xT
t Rxt

‖xt‖2 ; (23)

but since ‖xt‖ ≈ ‖x‖ independently of t for
|t+�0|6 |�0|, the denominator is almost a multiplica-
tive constant and does not inIuence the maximization.

The correlation matrix R can be approximated with
aid of a Taylor series expansion (see Appendix A)
according to

R ≈ Re +
L∑

j=1

pj(mjmT
j + �2

�m
′
jm

′T
j ); (24)

where Re is the correlation matrix of the noise vector
e, and m′

j is the discretized derivative of mj. Using
(24), the function g(x; t) can be approximated by

g(x; t)≈ xT
t Rext +

L∑
j=1

pj((xT
t mj)2

+ �2
�(x

T
t m

′
j)

2): (25)

For the next step we assume (i) that the noise is white
and has variance �2

e � ‖mj‖2 ∀j, and (ii) ‖m′
j‖ �

‖mi‖ ∀i; j, i.e. the norms of the derivatives are a mag-
nitude in order smaller than the signal norms. Hereby

(25), in turn, can be approximated by

g(x; t)≈ �2
e‖x‖2 + p(mT

�0+tm)2

+
∑
mj �=m

pj(mT
�0+tmj)2; (26)

where p is the a priori probability of the cluster !j

to which m belong. The second term of (26), i.e.
g1(t) =p(mT

�0+tm)2 is p times the squared autocorre-
lation function of m with translated argument (�0 + ·).
This is a function which has a maximum at t=−�0 and
is symmetric around this point. The third term, g2(t)=∑

mj �=m pj(mT
�0+tmj)2 is small compared to g1(t) when

|�0+t| is small. In fact, since in the orthogonal decom-
position mj = &jm+ 'jm̃ with m̃ ⊥ m, |&j| � 1 must
hold due to the assumed clear separation between m
and mj, we have g2(t) ≈ ∑

mj �=m pj(&jmT
�0+tm)2 �

g1(t) when |�0 + t| is small. From these considera-
tions we conclude that g(x; t) is the sum of a constant
and a term which is approximately proportional to the
squared autocorrelation function (mT

�0+tm)2. It there-
fore has an approximately symmetric peak around
t = −�0. Since in the model (16) the jitter value is
� = �0, we have hereby heuristically motivated the
estimator �̂R(x) = arg maxt{g(x;−t)}, where R de-
notes Rayleigh. Upon comparison between the func-
tion which this de2nition approximately maximizes,
and the function which the matched 2lter (14) approx-
imately maximizes, it is clear that they are close akin
since the argument function of (14) is the square root
of an approximation of g(x; t) minus a constant.

Using the analogy between the estimator �̂R and the
MAP estimator (11), we can also de2ne an estimator
corresponding to the MMSE estimator (10). This is
the expectation of the normalized g(x;−t) regarded
as a density function. Hence, after normalization of
g(x; ·) according to

h(x; n)def=
g(x; n)∑
k g(x; k)

; (27)

using discrete time, we have obtained two estimators,
de2ned by

�̂R1(x)def=
(N−1)=2∑

n=−(N−1)=2

n · h(x;−n) (28)
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and

�̂R2(x)def=arg max
n

{h(x;−n)}; (29)

respectively. We will abbreviate these estimators R1
and R2.

4. A method which process each signal individually

A non-parametric method for jitter estimation is to
compute the centre of gravity of the signal [17]. The
centre of gravity jitter estimator is denoted �̂cog and
can be de2ned by

�̂cog(x) =
∑

n n|x(n)|∑
n |x(n)|

: (30)

A given signal x(n) is compensated for jitter according
to x̃(n) = x(n + �̂cog), which gives∑
n

n|x̃(n)|=
∑
n

n|x(n + �̂cog)|

≈
∑
n

(n− �̂cog)|x(n)| = 0: (31)

Using the assumption of the support of mj;� being
contained in the interval [ − (N − 1)=2; (N − 1)=2],
the approximation error in the second equality can be
considered negligible (a small inexactitude is however
present since �̂cog is not an integer generally, i.e. the
signal x(t) is sampled at diHerent time points before
and after the second equality). Thus x̃(n) has centre of
gravity approximately in the origin. If a pattern signal
mj does not have centre of gravity in the origin, a bias
is introduced between �̂cog and the jitter �which equals
the centre of gravity of mj. Since this bias is constant
independently of �, it does not disturb the possibility
to identify clusters or averages within clusters, it only
shifts all signals a constant value. However, since the
summation interval [− (N − 1)=2; (N − 1)=2] is 2nite
and symmetric around the origin, a bias which varies
with � is introduced since the amount of noise before
and after the signal mj;� are unequal after delay. Fig. 2
shows a pattern signal mj and a delayed (�=20) noisy
version x, with vertical marks for �cog, the centre of
gravity of the noise-free delayed signal, and the esti-
mate (30), respectively. The latter is biased towards
the origin, and the bias increases with �. Hereby op-
timal alignment is not obtained, which makes condi-
tions for clustering worse and deteriorates the cluster

-30 -20 -10 0 10 20 30

-2

0

2

4

6

8 xmj

COG
true

estimated
COG

Fig. 2. Pattern signal mj and a delayed (� = 20) noisy version
x, with marks for its noise-free centre of gravity �cog and the
estimate �̂cog according to Eq. (30).

averages of aligned signals. The estimator (30) will
be abbreviated COG henceforth.

Having de2ned the COG estimator, the question of
its eDciency as compared to the estimators R1 and
R2 can be posed. The following contention, which
is derived in the appendix, claims the superiority of
the estimator R1 as compared to a slightly modi2ed
version of COG, provided the SNR is high enough and
a weak requirement on the pattern signal m is ful2lled.

Contention 1. Provided (i) the pattern function m is
symmetric or antisymmetric, (ii) the SNR is high
enough, and (iii) the condition∑
n

(mT
−nm)2

‖m‖4 ¿L (32)

is ful1lled, the estimator R1 has smaller variance
than the estimator

�̂c =
∑

n n(x(n))2∑
n(x(n))

2 ; (33)

which is identical to COG after replacement of mod-
ulus with square.

5. Extension to vector-valued functions

The methods treated in Sections 3 and 4 can be ex-
tended to vector-valued functions, which is necessary
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for the EEG application where data are measured at
a multitude (often 20–30) channels. A simple exten-
sion is to align each channel individually. However,
diHerent jitter estimates for each channel are then ob-
tained, and the signal delay pattern between the chan-
nels may be destroyed. This delay pattern may be of
medical interest, so treating each channel individually
is not a preferable method. Instead we will extend
the methods to signal matrices where each channel
(column) is translated equal values. By X we denote
an (N × C)—matrix whose columns consist of syn-
chronously recorded signal vectors from C channels.
The matrix X is a sum of pattern matrix M and noise
matrix E. The de2nition (22) can be rewritten

g(x; t) = xT
t Rxt =

N∑
i=1

"i(qT
i xt)

2; (34)

where the eigenvalue-eigenvector factorization R =
Q$QT has been used. For matrix data an essentially
identical formulation can be used,

g(X; t) =
NC∑
i=1

"i tr2(QT
i Xt); (35)

using the matrix scalar product 〈A;B〉=tr(ATB). The
norm corresponding to this scalar product is the Frobe-
nius matrix norm, denoted ‖ · ‖F. In (35) Xt denotes
a matrix the columns of which have been translated
t time units. Here the matrices Qi, interpreted as
(NC × 1)− vectors by piling the columns on top of
each other according to q(v)

i = [qT
i;1 · · · qT

i;C]T, (su-
perscript (v) denotes vector and qi; j denotes column
j of Qi), are the eigenvectors of the correlation ma-
trix of the data matrices interpreted as vectors, i.e.
eigenvectors of

R(v) =
1
K

K∑
k=1

x(v)
k x(v)T

k : (36)

For the computation of the centre of gravity in the
multi-channel case we use

�̂cog =
∑C

i=1

∑N
n=1 n|xni|∑C

i=1

∑N
n=1 |xni|

; (37)

where xni denotes the element at row n and column i
of the matrix X.

6. Numerical experiments

Comparison between the variances of COG, R1
and R2 for vector-valued functions:

We generated K = 300 matrices of C = 15 chan-
nels and N = 29 time samples from L = 3 classes.
In order to obtain data that are realistic to the epilep-
tic EEG spike application, the potential distribution
over the channels was generated as potentials from a
dipole inside a spherical conductor model of the head
[20]. For each of the three classes the dipole parame-
ters were 2xed. The dipole location parameters were
r1=r2=r3=0:5, -1=-2=.=3, -3=−.=3, and�1=.=4,
�2 = �3 = −.=4, for each class respectively, using
a spherical coordinate system of radius r, azimuth -
and latitude �. These dipole parameters correspond to
well separated signal classes, with respect to poten-
tial distribution over the channels. For all classes the
dipole moment was directed along the z axis and its
amplitude was varying as a Gaussian function in the
time interval [ − (N − 1)=2; (N − 1)=2].

The matrices were given Gaussian jitter of variance
�2
� , whereupon coloured Gaussian noise of diHerent

variances was added, giving a range of SNR. The noise
was chosen to be coloured in order to simulate realistic
EEG noise which is coloured, and we generated it by
2ltering white noise through a Butterworth lowpass
2lter of degree ten and cut-oH frequency f = 0:125.
For matrix data, SNR is de2ned by

SNRdef=10 log10

(
1
K

K∑
k=1

‖Xk − Ek‖2
F

‖Ek‖2
F

)
; (38)

where ‖ · ‖F denotes the Frobenius matrix norm.
Fig. 3 shows the results in terms of inverse
class-averaged variance of the jitter estimation er-
rors of methods COG, R1 and R2, the inverse
class-averaged variance of the theoretically optimal
Bayes MMSE estimator (10), and the inverse of �2

� .
All quantities are displayed in dB. The variances of
the jitter were chosen to be �2

� = 0:25 in Fig. 3 (a),
�2
� = 1 in (b), �2

� = 5 in (c), and �2
� = 15 in (d).

All three methods gave small variability between
classes. It can be seen that for several values of �2

�
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Fig. 3. Result of numerical experiment, variance results for �2
� = 0:25 (a), �2

� = 1 (b), �2
� = 5 (c), and �2

� = 15 (c). Key: COG (+),
R1 (o), R2 (x), �2

� (dotted) and �̂mmse (dashed).

and SNR the results are below the dotted line repre-
senting �2

� , which means that the method makes align-
ment worse than no processing. We observe that R1
seems to be the best method for large SNR and worse
for small SNR, in particular for small jitter variances
�2
� = 0:25, �2

� = 1, see Figs. 3(a) and (b). For the
larger jitter variances �2

� =5, �2
� =15, R1 and R2 give

about equal results, and both are better than COG.
For the smaller jitter variances �2

� = 0:25, �2
� = 1 and

small SNR, R1 is not a good method since it gives the
worst deterioration of alignment for SNR6 0 dB, see

Fig. 3(a). R2 gives least deterioration of alignment for
SNR values where deterioration of alignment occur.
All estimators improve upon the Bayes MMSE esti-
mator (10) for some values of SNR and �2

� . We be-
lieve this artifact is due to insuDcient exactness in the
computation of the Bayes MMSE error. Our conclu-
sion from this experiment is that R2 seems to be the
generally most useful method for vector-valued func-
tions, since it never deteriorates alignment much, and
for large �2

� it works not much worse than R1, which
is the best method for large �2

� .
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Table 1
Properties of real life data sets

Data set no. Fs (Hz) C L K {Kj}Lj=1

1 128 21 4 40 10, 10, 8, 12
2 128 21 3 29 8, 11, 10
3 128 21 3 50 7, 17, 4
4 128 26 3 50 15, 29, 6
5 250 26 2 50 31, 19
6 250 26 5 94 68, 14, 3, 6, 3
7 128 28 2 100 45, 55

7. Results on EEG data

We evaluated the methods COG, R1 and R2 on
seven sets of clinically recorded epileptic EEG spikes.
These data sets had been manually categorized by a
neurophysiologist, and Table 1 gives properties of the
data sets in terms of sampling frequency Fs, the num-
ber of channels C, the number of clusters L, the num-
ber of spikes K , and the number of spikes of each
cluster Kj, j=1; : : : ; L. As can be seen the assumption
of equal prior probability of clusters is not always ful-
2lled in practice, in particular data set no. 6 contains
clusters of unequal size.

A signal time interval of 350 ms was cut out and
used for COG estimation, and also for evaluation of
the Rayleigh quotient with translations of each sig-
nal ±200 ms. The signal matrices were (Frobenius-)
normed, since clustering irrespective of signal ampli-
tude was desired. We considered the clustering of the
neurophysiologist as correct. We estimated that the
SNR according to (38) for these data sets were approx-
imately in the range −6 dB6SNR6 3 dB. In order
to make comparisons between methods and between
each method and raw data, we computed two criteria
of clustering, 1!j and s!j , for each cluster !j and for
each data set. The separation criterion 1!j is de2ned
as the squared Frobenius norm distance between the
average of cluster !j and cluster !i, summed over all
clusters !i, i.e.

1!j =
∑
i �=j

‖ SX!j − SX!i‖2
F; (39)

where SX!j denotes he average of all Xk such that
Xk ∈!j. This criterion is large if cluster !j is well

separated from the other clusters. The compactness
criterion s!j is de2ned to be the average squared
Frobenius norm distance from the samples of cluster
!j to their average,

s!j =
1
Kj

∑
Xk∈!j

‖Xk − SX!j‖2
F: (40)

The criterion s!j is small if cluster !j is compact. It
is clear that s!j decreases and 1!j increases or is left
invariant if a set of signals is transformed from being
poorly aligned to well aligned, since the within-cluster
variability s!j then becomes smaller while leaving
average distances between clusters 1!j approximately
equal, or possibly augmenting them. Therefore a
method is assessed from the sign and magnitude of
the diHerence between criteria for processed data and
raw data, i.e. Ts!j and T1!j respectively. If Ts!j

is negative and T1!j positive or zero, improved
alignment of cluster !j is indicated.

Table 2 shows the result of application of methods
COG, R1 and R2. It can be seen that the methods
COG and R1 does not give desirable results, in the
sense that Ts!j is positive for all clusters and data sets,
i.e. clusters become less compact after alignment, and
T1!j is negative for most clusters and data sets. On
the other hand, method R2 gives improved alignment
for data set nos. 3, 4 and 5, since Ts!j is negative and
T1!j is positive for all clusters of these data sets. For
the other data sets R2 gives mixed results. For data
set no. 1, Ts!j is negative for two clusters and posi-
tive for the other two clusters, and T1!j is negative
for all clusters. For data set no. 2, cluster !1 gets im-
proved alignment (Ts!1 negative and T1!1 positive),
but for the other clusters no consistent improvement is
obtained. For data set no. 6, consistent improvement
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Table 2
Results for evaluation on real life data

COG R1 R2

Data set no. Cluster Ts!j T1!j Ts!j T1!j Ts!j T1!j

1 !1 0.16 −0:75 0.07 −0:78 −0:03 −0:29
!2 0.10 −0:54 0.12 −0:82 −0:06 −0:21
!3 0.19 −0:81 0.27 −1:38 0.10 −0:76
!4 0.13 −0:91 0.26 −1:62 0.23 −0:97

2 !1 0.21 −0:50 0.31 −0:77 −0:02 0.27
!2 0.10 −0:48 0.21 −0:80 0.32 −0:38
!3 0.10 −0:48 0.23 −1:13 −0:03 −0:33

3 !1 0.10 −0:23 0.28 −0:58 −0:03 0.09
!2 0.23 −0:29 0.42 −0:56 −0:01 0.03
!3 0.08 −0:49 0.19 −1:17 −0:01 0.11

4 !1 0.03 −0:04 0.05 0.01 −0:04 0.05
!2 0.08 0.04 0.12 −0:01 −0:03 0.14
!3 0.03 0.06 0.02 0.09 −0:02 0.09

5 !1 0.15 −0:08 0.27 −0:12 −0:01 0.02
!2 0.06 −0:08 0.07 −0:12 −0:03 0.02

6 !1 0.21 −1:00 0.35 −1:71 −0:01 −0:16
!2 0.23 −0:93 0.14 −0:74 −0:06 0.05
!3 0.34 −1:80 0.40 −2:18 0.54 −0:92
!4 0.22 −1:34 0.37 −1:80 −0:024 −0:36
!5 0.41 −1:38 0.51 −1:96 0.48 −0:99

7 !1 0.12 −0:13 0.23 −0:32 0.01 0.05
!2 0.14 −0:13 0.19 −0:32 −0:01 0.05

is obtained for cluster !2, otherwise mixed results.
Clusters !3, !4 and !5 are small (see Table 1) and
their criteria values are of less interest than clusters
!1 and !2. For data set no. 7 cluster !2 is improved
and the results of cluster !1 are mixed. In summary,
73% of clusters had improved compactness s!j after
alignment using method R2, and separations 1!j were
improved in 55% of the clusters. We conclude that R2
gave better results than R1 and COG, which in fact
gave worse results than raw data. This result is con-
sistent with the simulation result of Fig. 3(a) and (b),
i.e. �2

� =0:25 and �2
� =1, for SNR6− 9 dB. Method

R2 improved alignment in the majority of clusters.
However, alignment of several clusters were not con-
sistently improved by any method.

In order to exemplify improvement of alignment
visually we show in Figs. 4 and 5 two examples of
signal clusters before and after alignment using
method R2. Fig. 4 shows all waveforms of cluster !2

of data set no. 1 in the channel of largest energy be-
fore and after alignment. Fig. 5 shows all waveforms

of cluster !2 of data set no. 6 in the channel of largest
energy before and after alignment. Clearly the align-
ment has improved after alignment using method R2
for these two clusters and channels.

The methods COG and R1 gave worse results than
no processing for all seven data sets. In order to see
whether the methods COG and R1 are applicable in
the case of larger jitter values in data, we introduced
arti1cial jitter of variance �2

� = 75 (ms)2 and applied
each of the methods COG, R1 and R2. The results are
given in Table 3, where it can be seen that COG and
R1 give negative Ts!j for many clusters and data sets,
which means that these methods improve alignment
if jitter variance is large enough. For COG, Ts!j is
negative in 68% of all clusters and T1!j is positive
in 82% of all clusters. For R1, Ts!j is negative in
36% of all clusters and T1!j is positive in 64% of all
clusters. Nevertheless, the improvement in Ts!j and
T1!j is better for R2 than for COG and R1 for almost
all clusters. We conclude that with large enough jitter,
all three methods improve upon raw data. Method R2
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Fig. 4. Superposed signal waveforms of channel 21 of data set no. 1 and cluster !2, before alignment (a), and after alignment with method
R2 (b).
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Fig. 5. Superposed signal waveforms of channel 20 of data set no. 6 and cluster !2, before alignment (a), and after alignment using
method R2 (b).

seems to be the method of choice also for large jitter
variance.

Fig. 6 shows cluster !1 of data set no. 1 in the
channel of largest energy for raw signal with ar-
ti2cial jitter, and COG, R1 and R2 aligned ver-
sions. It can be seen that all three methods improve
alignment as compared to raw data, and also that
R2 is better that R1, which in turn is better than
COG.

8. Conclusions

We have treated methods for estimation of jitter
in multi-class signal sets. Classical techniques like
matched 2ltering are not applicable due to lack of
knowledge of the signal waveforms, and approximate
template signals can not be computed by averaging all
signals. The center of gravity (COG) jitter estimate
is a method which treats each signal individually. It
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Table 3
Results for evaluation on real life data with arti2cial jitter

COG R1 R2

Data set no. Cluster Ts!j T1!j Ts!j T1!j Ts!j T1!j

1 !1 −0:29 1.26 −0:43 1.50 −0:50 2.81
!2 −0:12 0.79 −0:15 0.79 −0:38 2.27
!3 −0:09 1.39 −0:07 1.33 −0:48 2.99
!4 0.02 0.87 0.12 0.56 0.11 1.43

2 !1 −0:05 0.50 0.02 0.33 −0:17 0.93
!2 −0:01 0.17 0.05 −0:07 0.12 0.10
!3 −0:00 0.50 0.13 0.02 0.00 0.47

3 !1 −0:02 0.11 0.10 −0:08 −0:17 0.26
!2 0.02 0.11 0.12 0.03 −0:26 0.28
!3 −0:04 0.21 0.05 −0:21 −0:04 0.63

4 !1 −0:15 0.21 −0:16 0.25 −0:27 0.31
!2 −0:08 0.46 −0:07 0.43 −0:19 0.54
!3 −0:05 0.28 −0:06 0.32 −0:09 0.31

5 !1 −0:05 0.12 0.03 0.11 −0:27 0.28
!2 −0:13 0.12 −0:15 0.11 −0:25 0.28

6 !1 0.02 0.30 0.16 −0:44 −0:17 1.11
!2 0.10 −0:18 0.04 −0:10 −0:14 0.17
!3 0.24 −0:63 0.30 −1:03 0.15 −0:27
!4 0.04 −0:18 0.16 −0:74 −0:18 0.11
!5 0.08 −0:10 0.27 −0:97 0.35 −0:33

7 !1 −0:04 0.45 0.06 0.32 −0:11 0.68
!2 −0:13 0.45 −0:12 0.32 −0:29 0.68

gives a bias which varies with the jitter value, lead-
ing to relatively large variance of the jitter estimation
error.

The main features of this paper are the more elabo-
rate methods that were developed using the statistics
of the signal ensemble. After relating the problem
to classical estimation paradigms and showing that
these are not applicable under the present (weak) as-
sumptions, we suggested two jitter estimators which
use the Rayleigh quotient of the sample correlation
matrix. For a given signal the Rayleigh quotient
is evaluated while varying the translation, giv-
ing a function which has its largest values when
the translated signal is close to signals which
have the statistically most signi2cant jitter val-
ues. By analogy with the estimators MMSE and
MAP, we de2ned two estimators by mean value
computation (R1) and maximization (R2) of the
Rayleigh quotient function, respectively. Theoreti-
cally, we have found that R1 gives smaller variance

than COG (slightly modi2ed) if the SNR is high
enough.

The simulation results indicate that R2 is a gener-
ally well working method for vector-valued functions,
which is of interest for application to multichannel
EEG signals. For vector-valued functions R2 improves
alignment in a range of SNR and jitter variance (�2

�)
values, and the improvement is larger than for COG.
R1 gives in many cases even smaller estimation vari-
ance than R2, and thus improves alignment further,
but method R1 has the Iaw of giving large deterio-
ration of alignment for small SNR and �2

� . Therefore
R2 is the generally most reliable method.

When applying the methods to real life epileptic
EEG signals, R2 gave the best results. It improved
clustering in the majority of investigated clusters, al-
beit not all. The two other methods R1 and COG in
fact deteriorated cluster compactness and separation
as compared to no processing. A possible explanation
for these phenomena may be that the SNR and the
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Fig. 6. Superposed signal waveforms of channel 20 of data set no. 1 and cluster !1, before alignment (a), and after alignment using
method COG (b), method R1 (c) and method R2 (d).

jitter variance �2
� are small for the real data sets, in

which case the simulations predict that R1 and COG
deteriorates alignment. For larger jitter variance than
was actually present in the data, R1 and COG im-
proves upon no processing, but apparently there is a
risk in using them without prior knowledge of large
jitter variance, since otherwise deterioration of clus-
tering may be the result. The method R2 performed
better than R1 and COG also in the case of large jit-
ter variance, making it the preferable method for large
as well as small jitter variance, as evaluated on these
seven data sets.

Appendix A

A.1. Derivation of approximation (24)

The model (1) can be inserted into the de2nition of
the correlation function for x(t), giving

R(t1; t2)
def= E{x(t1)x(t2)}
= E{(mj(t1 − �) + e(t1))

×(mj(t2 − �) + e(t2))}



998 P. Wahlberg, G. Salomonsson / Signal Processing 83 (2003) 983–1000

= Re(t1; t2)

+
L∑

j=1

pjE{mj(t1 − �)mj(t2 − �)}; (A.1)

where Re denotes the correlation function of e(t), and
where we have used the assumptions of e(t) having
zero mean, and e(t), the class !j and � being inde-
pendent. Further, assuming the existence of deriva-
tives of mj(t), a 2rst-order Taylor expansion gives
mj(t − �) = mj(t) − �m′

j(t) + o(�), which inserted in
(A.1) gives

R(t1; t2) = Re(t1; t2) +
L∑

j=1

pj(mj(t1)mj(t2)

+ �2
�m

′
j(t1)m

′
j(t2)) + 2; (A.2)

where the assumed property E{�}=0 have been used,
and 2 is arbitrarily small if suDcient decrease of the
norms of the higher derivatives ‖ @n

@tn mj‖, n = 2; 3; : : :,
is assumed. The sample correlation function R̂(t1; t2)
is de2ned by

R̂(t1; t2) =
1
K

K∑
k=1

xk(t1)xk(t2); (A.3)

and it is an unbiased approximation of R(t1; t2), the
squared error of which decreases as a function of
K due to the consistency of this estimator when the
2rst four moments are assumed 2nite [21, p. 92]. If
K is large enough the expected squared error is thus
small. Discretizing time, (A.2) is approximated by the
(N × N )-correlation matrix

R ≈ Re +
L∑

j=1

pj(mjmT
j + �2

�m
′
jm

′T
j ); (A.4)

where m′
j denotes the discretized derivative of mj.

A.2. Derivation of Contention 1

We use the signal model

x(n) = m(n− t) + e(n);

−(N − 1)=26 n6 (N − 1)=2;
(A.5)

where m = mj for some j, e is zero mean Gaussian
white noise of variance �2

e , the jitter t has Gaussian
density functionf�(t), with variance �2

� . We assumem

is symmetric or antisymmetric around zero. According
to the general assumptions of Section 2, the support of
mt is contained in the interval [−(N−1)=2; (N−1)=2]
for all jitter values t. The signal to noise ratio, denoted
S, is de2ned by S = ‖m‖2=(�2

eN ). In order to facili-
tate comparison with the estimator R1, we modify the
estimator COG into

�̂c =
∑

n n(x(n))2∑
n (x(n))2 ; (A.6)

i.e. square is used instead of modulus. We abbreviate
the estimator (A.6) COG2. Its bias conditioned on �=t
is given by

E{�̂c − �|� = t}

=E
{∑

n (n− t)(x(n))2∑
n(x(n))

2

}

=
∑

n(n− t)E{(x(n))2}∑
n E{(x(n))2} + O(S−1)

≈
∑

n nm2(n) − t�2
eN

‖m‖2 + �2
eN

+ O(S−1): (A.7)

The second equality is motivated by

sup
�e→0

1
�e

(
E
{∑

n (n− t)(m(n− t) + e(n))2∑
n (m(n− t) + e(n))2

}

−
∑

n (n− t)E{(m(n− t) + e(n))2}∑
n E{(m(n− t) + e(n))2}

)

≈ sup
�e→0

(
E
{ ∑

n (n− t)(2m(n− t)e(n)+e2(n))
�e‖m‖2 +

∑
n (2m(n− t)e(n)+e2(n))

}

− 1
�e

· (−t)N�2
e

(‖m‖2 + N�2
e)

)
¡∞; (A.8)

using Schwartz’ inequality and
∑

n (n− t)m2(n− t) ≈∑
n nm2(n) = 0, which is due to the assumptions mt

being contained in the interval [−(N−1)=2; (N−1)=2]
and m (anti-)symmetric. This approximation is
used also in the last equality of (A.7), whereby
E{�̂c−�|�= t} ≈ −t ·1=(1+S) if S is large. Using the
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formula E{�̂c − �}=
∫
f�(t) · E{�̂c − �|�= t} dt now

gives E{�̂c − �} ≈ 0, because f� is even, so COG2 is
approximately unbiased. A similar computation yields
for the estimator R1

E{�̂R1 − �|� = t}

=
∑

n (n− t)E{g(x;−n)}∑
n E{g(x;−n)} + O(S−1)

=

∑
n (n− t)mT

t−nRmt−n − tN�2
e trR∑

n m
T
t−nRmt−n + N�2

e trR
+ O(S−1):

(A.9)

For the 2rst term of the right hand side nominator we
have∑
n

(n− t)mT
t−nRmt−n ≈

∑
n

nmT
−nRm−n = 0;

(A.10)

since mT
−nRm−n is an even function of n. Hereby

E{�̂R1 − �|� = t} ≈ −t
1

1 + S
∑

n mT
t−nRmt−n

‖m‖2 tr R

; (A.11)

and further

E{�̂R1 − �} =
∫

f�(t)E{�̂R1 − �|� = t} dt ≈ 0;

(A.12)

since
∑

n mT
t−nRmt−n is an even function of t. Hence

R1 is approximately unbiased. We now turn to the
variance of the estimators. The approximation

E{(�̂c − �)2|� = t} ≈ t2
1

(1 + S)2 (A.13)

holds with improved accuracy with increasing S, and
yields

E{(�̂c − �)2} ≈ �2
�

(1 + S)2 (A.14)

and, likewise,

E{(�̂R1 − �)2} ≈ �2
�(

1 + S
∑

n mT
−nRm−n

‖m‖2 tr R

)2 ; (A.15)

where the approximation
∑

n mT
t−nRmt−n ≈∑

n mT
−nRm−n have been used. In order to compare

variances of COG2 and R1, we focus on the quantity∑
n mT

−nRm−n

‖m‖2 trR
: (A.16)

With aid of the approximation

R ≈ �2
e I +

1
L

L∑
j=1

mjmT
j ; (A.17)

obtained from (A.4) with further approximations,
1
L

∑L
j=1 ‖mj‖2 ≈ ‖m‖2, mTmj ≈ 0 when m 	= mj,

and
∑

n ‖m−n‖2 = &N‖m‖2, where &¡ 1 since with
|n| large enough, the support of m−n is no longer
contained in the interval [ − (N − 1)=2; (N − 1)=2]
(& ≈ 1 can be assumed), we obtain∑

n mT
−nRm−n

‖m‖2 trR
=

�2
e
∑

n ‖m−n‖2 + 1
L

∑
n (mT

−nm)2

‖m‖2�2
eN + ‖m‖2 1

L

∑L
j=1 ‖mj‖2

= &
1 + S

∑
n (mT

−nm)2

&L‖m‖4

1 + S
1=L

∑L
j=1 ‖mj‖2

‖m‖2

≈ &
1 + S 1

&L

∑
n

(mT
−nm)2

‖m‖4

1 + S
: (A.18)

If we now assume S � 1, we obtain∑
n mT

−nRm−n

‖m‖2 trR
≈ 1

L

∑
n

(mT
−nm)2

‖m‖4 ¿ 1; (A.19)

where the inequality holds provided∑
n

(mT
−nm)2

‖m‖4 ¿L: (A.20)

The condition (A.20) is quite a weak assumption since
the number of clusters L typically is small (6 10) and
(mT

−nm)2 ≈ ‖m‖4 when |n| is small for a number of n
which is larger than L. This is the case if the function
m(t) is varying slowly enough. Hereby (A.20) implies∑

n mT
−nRm−n

‖m‖2 trR
¿ 1; (A.21)

which inserted into (A.15), upon comparison with
(A.14), gives

E{(�̂R1 − �)2}¡E{(�̂c − �)2}; (A.22)

i.e. the estimator R1 has smaller variance than COG2

provided S is large enough. Hereby the contention has
been derived.
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